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Abstract—A
main (FD)2 TD method to calculate
plasma or water has recently been describ~d. This method is
an advance over the traditional finite-difference time-domain
(FDTD) method in that it allows for the frequency dependence
of these two media. In this paper, the (FD)2 TD method has
been modified to obtain broad band frequency information in
3-D biological applications. The implementation of this method
is described and its accuracy is verified by comparison with
analytic solutions using the Bessel function expansion. The use
of this method is illustrated by an example of the 3-D simula-
tion of a hyperthermia treatment using two-applicators over a
frequency range of 40 to 200 MHz.

I. INTRODUCTION

THE FINITE-difference time-domain (FDTD) [1]
method has proven to be an effective method of cal-

culating the interaction of electromagnetic (EM) waves
with bodies of different shape and different material. It is
particularly effective in the calculation of large three di-
mensional structures because, for a given cell size, com-
putation and storage requirements increase only linearly
with the number of cells [2]. It has seen extensive use in
military applications where it is often used to calculate the
scattering from a metallic surface [3]–[5], in electromag-
netic dosimetry where the specific absorption rate (SAR)
is calculated in a body exposed to EM radiation [6]-[7],
and more recently, in hyperthermia cancer therapy [8]. In
hyperthermia applications, it has been used in the design
of radio frequency (RF) and microwave applicators, and
for simulation of treatment on commercially available ap-
plicators [9]. For the latter application, it has recently been
put into clinical use [10].

For the dosimetry and hyperthermia applications, one
is generally interested in the SAR distribution within a
biological body for one or more sources at a given single
frequency. However, it is often desirable to have the re-
sults at several different frequencies, to determine the fre-
quencies which are most hazardous, in the case of EM

dosimetry, or to find the frequency which is most effective
for hyperthermia. A method has been described which ob-
tains multiple frequency information with one computer
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run [10], [11], but this has been of questionable use in
biological applications because of the frequency depen-
dent characteristics of biological tissue.

Recently, an implementation of the FDTD method
which allows for the frequency dependence of dielectric
properties has been described by Luebbers, et al. [12],
[13]. The authors refer to it as the frequency-dependent
finite-difference time-domain (FD)2 TD method. This
method was demonstrated by calculating wide band pulse
reflections from water [12] and from plasma [13]. In the
present paper, the implementation of this method into
three dimensional biological applications for the purpose
of obtaining SAR distributions for multiple frequencies
with one run is described. In section II of this paper, it
will be shown that the implementation of this new method
requires only a simple extension of the previous formu-
lation of the FDTD method for EM dosimetry and hy -
perthermia [6], [7], [9], [10]. Section III describes the
determination of input parameters for this method. In Sec-
tion IV, the accuracy of this method is evaluated by com-
parison with analytic solutions using a Bessel function ex-
pansion technique. Section V is an example of the
applicability of the (FD)2 TD method for hyperthermia
simulations.

H. DESCRIPTION OF THE METHOD

Starting with the Maxwell equations:

jd)((.!)) = v x H(OJ) – ,l(o.)) (la)

–jdi(cd) = v x E(6J) (lb)

and the relationship between the electric flux density and
the electric field in the frequency domain

D(o) = 6(J“ 6(0.)) “ E(@) (2)

the complex dielectric constant c(a) is given by

6((4))= em + X((J) (3)

and the susceptibility x (u) is a frequency dependent term
given by

x(u) = ‘s– ‘m
1 +juto

where

em is the infinite frequency permittivity
et is the static permittivity
to is the relaxation time.

(4)

00 18-9480/92$03 .00 @ 1992 IEEE



SULLIVAN. FREQUENCY-DEPENDENT FDTD METHOD FOR BIOLOGICAL APPLICATIONS 533

Substituting (3) and (2) into (la), and using

“q(d) = u “ q(l)) (5)

the following equation is derived

j(J(Em + X(6J))“ C(J “ E(u) = v x H(a) – (J “ E((l))

(6)

Moving this equation to the time domain yields

=Vxzi(t)-a”lqt) (7)

Note that the multiplication of two frequency dependent
functions x and E in the frequency domain in (6) has re-
sulted in a convolution in the time domain. For the sake
of simplicity, the rest of the development will be for the
case of a 1 dimensional equation, so (7) can be rewritten
as

; (q) “ Em “ EY(t, x))

(!at.
& Oeo

“ X(t – T) “ EY(7, x) (5T)=Mlz(t, x)
– fJ “ Ey(t, x).

6X
(8)

In order to implement the FDTD method, (8) must be
written in finite-difference form, a situation which is com-
plicated by the appearance of the convolution integral.
However, note that the time domain susceptibility, i.e.,
the inverse Fourier transform of (4), is

()X(t)=Es–em“exp –~ , for t > 0.
to

(9)

Luebbers, et al. [12] have exploited the exponential na-
ture of the susceptibility and rewritten the integral term in
(8) as a difference equation:

(J8’
x oEO

“ X(t – 7) ‘ EY(T, x) & )
n–1

= Eoxo(z’) “ E;+’(i) – 60 “ ~t~o E;-’’(i)

o AX~(i). (lo)

Note that EY(t, x), the continuous time formulation on
the left side, corresponds to E.+ I (i), the finite difference
formulation on the right side with n replacing tas the time
variable and i replacing x as the spatial variable, and

!
At

Xo(i) = o X(T, i) & = (6,(i)

-’m(io -ex+:)l’11)

AXm(i) = (~,(i) – cm(i)) . exp
(“Y)

“[1-ex+:)l (12)

Details are given clearly in [12] and will not be repeated
here.

Rewriting equation 1.a in a finite difference formula-
tion and substituting the results in (10),

En+’(i) – ‘;(i) + ~oxo(i)E~+’(i)
eoe~(i) y

&
n–1

-- E. ~~oEJ-~(i) AXm(i)

~]J+t1J2)(i + ~) – ~~+(’jz)(i – ~)
=_

6X

-- ~ [E;+’(i) + EJ(i)l (13)

Let ~ represent the convolution term in (10):

n–1

~~(~) = ~~o E~-m(i) AxM(i). (14)

Notice that because Ax (i) in (14) is an exponential, IJ
can be determined by the present E value and previous 4
values, which means it will fit the FDTD formulation.

()

–bt
tj(i) = Ey(i)AxO(i) + exp ~ i;-’(i). (15)

Finally, (13) can be rewritten as

~;+’(~) = cab; + cb(~)

[
. ~n+(lJz)(i + -!)

z

— ~~+(]/2) (i + ,.!)

+ 2cb(i)~J(i)

where

em d

em + Xo – (em + X())EO
ca (i) :=

1+
d

(em + Xo)eo

(16)

Equations (15) and (16) form the implementation of the
FDTD algorithm. In the 3-D formulation, they would be
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written as

EY(z, J, K) = CAY(Z, J, K) * EY(Z, Y, K)

+ cBY(l,J, K) * [Hz(z– 1,J,K)

– HZ(I,J, K) + Hx(z, J, K)

– Hx(z,Y, K – 1)]

+2 * cBY(l, J, K) * PSI(Z, J, K)

(18a)

PSI(I, J, K) = EY(l, J, K) * DELCHZ(Z, J, K)

+ EXPO * PSI(I, J, K). (18b)

CAY and CBY are given by (17) for the y direction.

Separate values are calculated for the X and Z directions.
The only difference between this and the earlier, “single-
frequency” formulation of the FDTD method for biolog-
ical applications [6], [7], [9], [10] is the last term of (18a),
and (18b), which is needed to calculate this term. DEL-
CHI is given by (12). EXPO is a constant, exp (– A t/tO )

III. DETERMININGTHE PARAMETERS

Luebbers et al. gave as an example, the calculation of
the parameters of water over the range O to 80 GHz. This
was possible because the dielectric properties of water do
not vary rapidly. However, biological tissues like muscle
vary substantially with frequency [14], [15]. By limiting
calculation to a frequency range of about one decade, it
is possible to describe the frequency dependent part of the
dielectric properties with a simple one pole susceptibility
function similar to (4):

The following parameters were used to describe muscle
tissue in the frequency range 40 to 433 MHz:

e$ = 120

a = .64 S/m

to = 6.67 X 10-9S.

Table I contains the dielectric properties of muscle at
the frequencies of interest [14]. Fig. 1 shows a compari-
son between these values of and the ‘‘effective” dielectric
constant and conductivity which would result from using
the above parameters in the implementation of the
(FD)2 TD method described in the previous section. These
effective values are calculated from

TABLE I
DIELECTRIC PROPERTIESOF MUSCLE [14]

Frequency (MHz) Dielectric Constant Conductivity

40.68 97.3 0.693
100 71.7 0.889
200 56.5 1.28
300 54 1.37
433 53 1.43

14

K

,..

,F””

c
,/’

312 P

: ,’

g /’

? 10
g

08

060
100 200 300 400 w

Frequency (MHz)

Fig. 1. Comparison of the dielectric properties of muscle as a function of
frequency. The solid lines are the tabulated values of Johnson and Guy [14]
and the dashed lines are the effective values of the (FD)2 TD method as
calculated by (20).

where real and imag denote the real and imagina~ parts,
respectively, of the complex quantity. Clearly, the pre-
mium was placed on a close match of the conductivity at
the expense of the dielectric constant.

IV. EVALUATION

In this section the accuracy of a 3-D (FD)2 TD method
will be evaluated by comparison against analytic solu-
tions. The specific absorption rate (SAR) is defined as

1 ‘(i’:’ ‘) ~ IE(i, j, k)12,SAR (i, j, k) = ~ (21)

where p, the density, is assumed to be 1 everywhere. The
SAR distribution in a layered sphere illuminated by a
plane wave can be calculated by Bessel function expan-
sion [16], [17]. Fig. 2 shows a comparison between the
SAR distributions along the major axes in a 20 cm sphere
consisting of an outer layer with the dielectric properties
half way between air and muscle, and an inner core with
the dielectric properties of solid muscle. Results are given
at 40, 100, 200, 300, and 433 MHz. The (FD)2 TD values
were obtained by one computer run; five separate calcu-
lations of the Bessel function expansion were needed. Ta-
ble II shows the values of the (FD)2 TD parameters used;
the Bessel function solutions were computed using the
dielectric properties of Johnson and Guy given in Table
I.

Correlation between (FD)2 TD and Bessel function data
is very good at the lower frequencies, but discrepancies
start to show at 300 MHz and are worse at 433 MHz. The
reason is easily ascertained from Fig. 1. At 300 and 433
MHz there is a great disparity between the effective di-
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Fig.2. Comparison of(FD)2TD and Bessel function solutions foralayered sphere illuminated by a plane wave at 40, 100,
200, 300, and 433 MHz. The inner layer is muscle and the outer layer is half muscle. The (FD)2TD solutions (icons) were
computed using thevalues in Table II, and the Bessel solutions (lines) used thedielectric properties given in Table I.

TABLE II
PROPERTIES OF THE FREQUENCY-DEPENDENT FDTD METHOD FOR THE

FREQUENCY RANGE 40 TO 433 MHz (The RELAXATION TIME IS 0.0067 ~s)

Tissue Type ‘infinity e,, o

Muscle 15 120 0.64
1/2 Muscle 7.8 60 0.32

Fat 1.5 12 0.07

electric constant and the actual one used for the Bessel
solution. Ifthe Bessel solutions arererun using theeffec-
tive values, i.e., e = 42 anda =’ l.34at300 MHz, and
E = 26 and o = 1.42 at 433 MHz, agreement is much
better (Fig. 3). Obviously, it is the inability of (19) to
adequately cover the higher frequencies which lead to the
discrepancies in Fig. 2.

In contrast, it is interesting to look at the errors when
one set of parameters is used with a multiple frequency
FDTD method which does not take into account the fre-
quency dependence of the tissues. Fig. 4 is a comparison
of FDTD values and Bessel solutions using e = 72 and tJ

-0.05 O.(IO 0.05 m -0.05 0.00 0.05 m

❑ ✍✍✍✍✍ xaxis x y axis o—————. axis

Fig. 3, Comparison of (FD)2 TD and Bessel function solutions for a lay-
ered sphere illuminated by a plane wave at 300 and 433 MHz. The inner
layer is muscle and the outer layer is half muscle. The (FD)2 TD solutions
(icons) were computed using the values in Table H, and the Bessel solu-
tions (lines) used the dielectric properties computed by equation 20 and
graphed in Fig. 1.

. 0.89, the values at 100 MHz. At 40 MHz, agreement
is quite good. However, at 200 MHz there are substantial
alterations in tlhepattern, and by 433, it has changed com-
pletely !
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wave at 40, 100, 200, 300, and 433 MHz. The inner layer is muscle and the outer layer is-half muscle. The FDTD solutions

(icons) were computed using the dielectric properties of muscle and half muscle at 100 MHz; the Bessel solutions (lines) were
computed using the frequency dependent values for muscle in Table I,

Fig. 5 is a comparison using a three layered sphere con-
sisting of an outer muscle layer, an inner fat layer be-
tween 4 and 7 cm, and an inner muscle core. The disper-

sive FDT13 method is capable of following the abrupt
changes offered by this problem. Again, at the higher fre-
quencies, some discrepancy starts to show.

V. AN EXAMPLE IN HYPERTHERMIA APPLICATOR

DESIGN

The use of the FDTD method to determine the SAR
distribution of a biological body in the near field of an RF
antenna has been demonstrated [9]. It was shown that the
FDTD method could play a role in developing new ap-
plicators for deep regional hyperthermia by being able to
accurately predict the SAR pattern in a muscle/fat phan-
tom. It was further shown that the same program could
predict the energy deposition in a patient being treated by
such applicators, enabling the evaluation of the usefulness
of potential applicators and their comparison with com-
mercially available equipment. Of course, using the con-

ventional FDTD method, the each simulation only gave
the answer at one frequency.

In this section the use of the (FD)2 TD to predict the
wide-band SAR distributions for discrete RF hyperther-
mia applicators will be demonstrated. This will, be done
by modeling an applicator and then simulating the treat-
ment of a cancer patient using two such applicators. Fig.
6 is a diagram of the applicator. The antenna is a metal
dipole in a configuration known as a “bow tie” antenna.
The bow tie antenna is used because it has a relatively
wide bandwidth. It is contained in a clear plastic housing
filed with distilled water to facilitate coupling to a human
body. (This applicator has not been constructed. This is
merely an example of the type of applicator a designer
might try. ) Fig. 7 is a diagram of how two such applica-
tors might be used to treat a large eccentric tumor next to
the lung. A full three dimensional model of the applica-
tors and the patient was created [9], [10], [18], using a
cell size of 1 cm and a time step of 0.0167 ns. This re-
quired 50 slices of the patient’s CT scan. The program to
simulate such a configuration requires a problem space of
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Fig. 6. Possible broad band applicator fordeep regional hypetihemia

60 X 78 x78 = 371 040 cells, and requires 2000 time
steps to converge. It takes about 10 megawords of core
memory and runs in about 200 CPU seconds using a Cray
YMP supercomputer. Two suchl runs, corresponding to
the two applicators are made, and the SAR is calculated
from the superposition of the E fields from the two appli-
cators. (This technique, as it is used for fixed position
applicators, is described in detail in [10]. ) Fig. 8 shows
the SAR pattern for 40, 70, 100, 140, and 200 MHz, dis-
played as iso-SAR patterns over the patient’s CT scans.

tumor 1

Fig. 7. Diagram of simulated hyperthermia treatment configuration using
two applicators.

Each contour represents 10% of maximum SAR. (Nor-
mally the iso-contours are color coded. Thirty such slices
with the iso-SARs displayed over them are available and
the operator can access them by clicking the mouse. This
is described in [18]. ) Regrettably, seeing only one slice
of the SAR values does not tell the whole tale. Other
slices, above and below the one being shown, contain
substantial “hot spots, ” corresponding to normal E-fields
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(a) (b)

(c) (d)

(e)

Fig. 8. Simulated results of the hyperthermia treatment configuration in Fig. 7 at (a) 40 MHz, (b) 70 MHz, (c) 100 MHz, (d)
140 MHz, and (e) 200 MHz. Each contour represents 10% of maximum SAR throughout the entire 3-D region.

generated by the ends of the antennas. Note that some
slices, even though they seem to show a good energy dep-
osition pattern in the tumor, only have 4 or 5 contours,
i.e., 40 or 50% of maximum. Conclusion: this applicator
would be wholly inadequate for deep regional hyperther-
mia.

DISCUSSION

The implementation of the frequency-dependent fmite-
difference time-domain (FD)2 TD method for biological
applications has been described. This makes possible

multiple frequency information from one computer run
because it allows for the frequency dependence of the tis-
sue properties. By making a comparison of SAR distri-
butions in layered spheres illuminated by a plane wave,
the accuracy of this method was shown to be very good
over the frequency range 40 to 200 MHz. It is likely that
the frequency range of this accuracy is limited only by the
one pole susceptibility function given in (4). A more elab-
orate formulation of the method would probably lead to a
broader frequency range.

To illustrate the usefulness of this method, a hyper-
thermia treatment with a broad band applicator was sim-
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ulated. Only two computer runs, one for each applicator,
were needed to predict the SAR distribution in a cancer
patient at 40, 70, 100, 140, and 200 MHz. Such a method
not only’ aids in the design of new applicators, but also
allows comparison of their effectiveness with commer-
cially available equipment.

The method has similar potential use in the field of EM
dosimetry where it is necessary to determine SAR distri-
bution for health and safety reasons. Substantially more
information is available when the SAR distribution can be
obtained over a large frequency range with one computer
run rather than making separate runs for every frequency
of interest.
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